
Variational Methods for Computer Vision: Exercise Sheet 5

Exercise: November 28, 2017

Part I: Theory

The following exercises should be solved at home. You do not have to hand in your solutions, how-
ever, writing it down will help you present your answer during the tutorials.

1. Poisson image editing

(a) Calculate the Euler-Lagrange equation for the Poisson image editing1 energy functional,
given by

EPoisson(u) =

∫
Ω0

|∇u− V |2 dx with u|∂Ω0 = f |∂Ω0 ,

where V is a guidance vector field for the image region that is edited and Ω0 is the editing
region. In our case, V = ∇g with g the image to be inserted, and f is the original image.
Note that we have explicit boundary conditions on ∂Ω0 given.

(b) Now assume we want to edit a color image, i.e. the function u is not a scalar function, but
vectorial:

u : Ω→ R3 with Ω ⊂ R2 .

In this case, g is also vectorial and we have to use the Jacobians Ju and Jg instead of
gradients. The energy functional becomes

EP,vec(u) =

∫
Ω0

‖Ju − Jg‖2F dx with u|∂Ω0 = f |∂Ω0 .

‖ · ‖F denotes the Frobenius norm2 of a matrix. Show that, writing u as (ur, ug, ub)
>,

EP,vec decouples as

EP,vec(u) = EPoisson(ur) + EPoisson(ug) + EPoisson(ub) .

What practical implication does this property have?

2. Deconvolution Calculate the Euler-Lagrange equation of the following energy functional:

E(u) =
1

2

∫
Ω

(k ∗ u− f)2 dx+ λ

∫
Ω
|∇u| dx

Where Ω ⊂ R2 represents the image domain, u : Ω → R denotes the optimization variable,
f : Ω → R stands for the input image and k denotes a convolution kernel (not necessarily
symmetrical).

1P. Perez, M. Gangnet, A. Blake, Poisson Image Editing, ACM Transactions on Graphics, 2003
2check e.g. Wikipedia for a definition if you are not familiar with the Frobenius norm.
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Part II: Practical Exercises

This exercise is to be solved during the tutorial.

1. ROF Denoising The Rudin-Osher-Fatemi (ROF) functional3 was one of the first models for
image denoising based on energy minimization. The ROF model posesses the nice property of
removing noise in the image while preserving discontinuities. It can be formulated as follows:

EROF(u) :=
1

2

∫
Ω

(u− f)2 dx+ λ

∫
Ω
|∇u(x)| dx,

where again Ω ⊂ R2 represents the image domain, u : Ω → R denotes the optimization
variable and f : Ω → R stands for the input image. Hence the ROF model is a weighted sum
of the total variation energy and a data similarity measure also called data term.

(a) In the theoretical exercises of week 4 we calculated the Euler-Lagrange equation of the
total variation of a function u which is a part of the ROF model. Write down the complete
optimality condition for the ROF model.

(b) Obtain an optimal u∗ = arg min EROF(u) by applying the gradient descent scheme shown
in the lecture, and take care of the nondifferentiability of | · | at 0. Explain the edge
preserving properties by looking at the gradient descent equation of EROF.

(c) Bonus4: Implement image denoising with the ROF model for color images. One choice
is to denoise the separat color channels independently, like for the Poisson image editing.
Alternatively, you can look at the coupled problem, which results in normalizing the gra-
dient of each channel by the norm of the full Jacobian. The provided material includes two
sample images lion.png and zebra.png. What difference do you observe between
the two variants of treating the color channels?

2. Poisson Image Editing In the theoretical part, you computed the Euler-Lagrange equation for
Poisson image editing. Use the provided file init poisson.m to select a region in source
image g that should be cloned and a region in target image f that should be replaced. Then
fill the gaps in ll. 13 and 17 of poisson editing.m to implement the Poisson editing using
sparse operators for gradients and Laplacian. Be aware of the Dirichlet boundary conditions and
note that the images are color images.

3L. Rudin, S. Osher, E. Fatemi, Nonlinear total variation based noise removal algorithms, Physica D., 1992.
4We suggest to work on this only after exercise 2 “Poisson Image Editing”.
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