
Computer Vision Group  
Prof. Daniel Cremers 

Visual Navigation  
for Flying Robots 

Dr. Jürgen Sturm 

Visual Motion Estimation 



ÁRegistration deadline: June 30 

ÁCourse ends: July 19 

ÁExamination dates: t.b.a. (mid August) 

ÁOral team exam 

ÁSign up for a time slot starting from Mid July 

ÁList will be placed on blackboard in front of our 
secretary 
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Organization: Exam 

Dr. Jürgen Sturm, Computer Vision Group, TUM Visual Navigation for Flying Robots 
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Motivation 
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ÁQuick geometry recap 

ÁImage filters 

Á2D image alignment 

ÁCorner detectors 

ÁKanade-Lucas-Tomasi tracker 

Á3D motion estimation 
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Visual Motion Estimation 
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Angular and linear velocities 

ÁLinear velocity 

ÁAngular velocity 

ÁLinear and angular velocity together form a 
twist 
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Angular and linear velocities 

ÁLinear velocity 

ÁAngular velocity 

ÁNow consider a 3D point                of a rigid 
body moving with twist 
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Angular and linear velocities 

ÁLinear velocity 

ÁAngular velocity 

ÁNow consider a 3D point                of a rigid 
body moving with twist 

ÁWhat is the velocity     at point    ? 
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Angular and linear velocities 
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ÁAngular velocity 

ÁNow consider a 3D point                of a rigid 
body moving with twist 

ÁWhat is the velocity     at point    ? 
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Angular and linear velocities 

ÁLinear velocity 

ÁAngular velocity 

ÁNow consider a 3D point                of a rigid 
body moving with twist 

ÁWhat is the velocity     at point    ? 

Dr. Jürgen Sturm, Computer Vision Group, TUM Visual Navigation for Flying Robots 9 

x 

y 

z 



Recap: Perspective Projection 
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Recap: Perspective Projection 
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3D to 2D Perspective Projection 

Á3D point     (in the camera frame) 

Á2D point     (on the image plane) 

ÁPin-hole camera model 

 
 

ÁRemember,     is homogeneous, need to 
normalize 
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Camera Intrinsics 

ÁSo far, 2D point is given in meters on image 
plane 

ÁBut:  we want 2D point be measured in pixels 
(as the sensor does) 
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Camera Intrinsics 

ÁNeed to apply some scaling/offset  

 

 

 

 

ÁFocal length  

ÁCamera center 

ÁSkew 
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ÁPixel coordinates 

ÁImage plane 
 

ÁExample: 

ÁDiscrete case 
(default in this course) 

ÁContinuous case 
  

15 

Image Plane 
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ÁWe can think of an image as a function  

Á        gives the intensity at position 

ÁColor images are vector-valued functions 
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Image Functions 
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ÁRealistically, the image function is only defined 
on a rectangle and has finite range 

 

ÁImage can be represented as a matrix 

ÁAlternative notations 

 

 

17 

Image Functions 

Visual Navigation for Flying Robots 

111  115  113  111  112  111  112  111  

135  138  137  139  145  146  149  147  

163  168  188  196  206  202  206  207  

180  184  206  219  202  200  195  193  

189  193  214  216  104  79  83  77  

191  201  217  220  103  59  60  68  

195  205  216  222  113  68  69  83  

199  203  223  228  108  68  71  77  

often (row,column) 

often (column,row) 



Example 
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ÁLight intensity is sampled by CCD/CMOS sensor 
on a regular grid 

ÁElectric charge of each cell is quantized and 
gamma compressed (for historical reasons) 

                                           with  

ÁCRTs / monitors do the inverse 

ÁAlmost all images are gamma compressed 

Ą Double brightness results only in a 37% higher 
intensity value (!) 
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Digital Images 
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Aliasing 

ÁHigh frequencies in the scene and a small fill 
factor on the chip can lead to (visually) 
unpleasing effects 

ÁExamples 
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Rolling Shutter 

ÁMost CMOS sensors have a rolling shutter 

ÁRows are read out sequentially 

ÁSensitive to camera and object motion 

ÁCan we correct for this? 
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Image Filtering 

ÁWe want to remove unwanted sources of 
variation, and keep the information relevant for 
whatever task we need to solve 

 

 

 

ÁExample tasks: 
de-noising, (de-)blurring, computing 
ŘŜǊƛǾŀǘƛǾŜǎΣ ŜŘƎŜ ŘŜǘŜŎǘƛƻƴΣ Χ 
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Linear Filtering 

ÁEach output is a linear combination of all the 
input values 

 
ÁIn matrix form 
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G = H F 

c = c 



Spatially Invariant Filtering 

ÁWe are often interested in spatially invariant 
operations 
 

 

ÁExample 
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-1 2 -1 

-1 2 -1 

111  115  113  111  112  111  112  111  

135  138  137  139  145  146  149  147  

163  168  188  196  206  202  206  207  

180  184  206  219  202  200  195  193  

189  193  214  216  104  79  83  77  

191  201  217  220  103  59  60  68  

195  205  216  222  113  68  69  83  

199  203  223  228  108  68  71  77  

? 



Spatially Invariant Filtering 

ÁWe are often interested in spatially invariant 
operations 
 

 

ÁExample 
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-1 2 -1 

-1 2 -1 

-1 2 -1 

111  115  113  111  112  111  112  111  

135  138  137  139  145  146  149  147  

163  168  188  196  206  202  206  207  

180  184  206  219  202  200  195  193  

189  193  214  216  104  79  83  77  

191  201  217  220  103  59  60  68  

195  205  216  222  113  68  69  83  

199  203  223  228  108  68  71  77  

? ? ? ? ? ? ? ? 

? -5 9 -9 21  -12  10  ? 

? -29  18  24  4 -7 5 ? 

? -50  40  142  -88  -34  10  ? 

? -41  41  264  -175  -71  0 ? 

? -24  37  349  -224  -120  -10  ? 

? -23  33  360  -217  -134  -23  ? 

? ? ? ? ? ? ? ? 



Important Filters 

ÁImpulses 
ÁShifts 
ÁBlur 
ÁGaussian 
ÁBilateral filter 
ÁMotion blur 

ÁEdges 
ÁFinite difference filter 
ÁDerivative filter 
ÁOriented filters 
ÁGabor filter 

ÁΧ 
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Impulse 
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0 0 0 0 0 

0 0 0 0 0 

0 0 1 0 0 

0 0 0 0 0 

0 0 0 0 0 



Image shift (translation) 
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0 0 0 0 0 

0 0 0 0 0 

1 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

2 pixels 



Image rotation 
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? 



Image rotation 
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? 
Image rotation is a linear operator (why?), but not a spatially 

invariant operation (why?). There is no convolution. 



Rectangular Filter 
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Rectangular Filter 
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Rectangular Filter 
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Gaussian Blur 

ÁGaussian distribution 

 

 

ÁExample of resulting kernel 
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Gaussian Blur 

Visual Navigation for Flying Robots 

s=1 

s=2 

s=4 



Image Gradient 

ÁThe image gradient                             points in 
the direction of increasing intensity (steepest 
ascend) 
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Image Gradient 

ÁThe image gradient                             points in 
the direction of increasing intensity (steepest 
ascend) 
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Image Gradient 
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ÁGradient direction (related to edge orientation) 
 

 

 

ÁGradient magnitude (edge strength) 



Image Gradient 

How can we differentiate a digital image            ? 

ÁOption 1: Reconstruct a continuous image, then 
take gradient 

ÁOption 2: Take discrete derivative (finite 
difference filter) 

ÁOption 3: Convolve with derived Gaussian 
(derivative filter) 
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Finite difference 

ÁFirst-order central difference 

 

 

ÁCorresponding convolution kernel: 
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-.5 0 .5 



Finite difference 

ÁFirst-order central difference (half pixel) 

 

 

ÁCorresponding convolution kernel: 
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Second-order Derivative 

ÁDifferentiate again to get second-order central 
difference 
 
 
 
Corresponding convolution kernel: 
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1 -2 1 



Example 
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